Abstract-A method is presented for enhancing the narrowband interference rejection capability of direct-sequence spread-spectrum systems employing an adaptive notch filter. The method, based on projection onto convex sets, restores that part of the spread-spectrum signal distorted by the filter. Simulation results are presented which show the output bit-error rate (BER) improvement gained by using the signal restoration scheme.
I. INTRODUCTION
T HE rejection of narrow-band interference in directsequence spread-spectrum systems has been researched extensively [1] , [2] . The basic idea has been to employ an adaptive notch filter to estimate and reject the interference prior to the operation of despreading of the received chip sequence. However, the spread-spectrum signal also passes through the notch filter, and hence a part of the spectrum of the signal is lost due to the notch filtering. This affects the correlation properties of the signal, and hence results in reduced immunity to white noise. This is minimized if the spectral content of the spread-spectrum signal is restored before despreading in the receiver. Restoration of the distorted spectrum implies the use of nonlinear processing since any linear processing would also restore the interference signal.
In this paper, the method of projection onto convex sets (POCS) is introduced as a method of improving the spreadspectrum signal fidelity after interference rejection. POCS denotes a general class of algorithms that uses a priori information about a signal to reconstruct the signal or to extrapolate the signal [3] - [6] . In [7] , it is shown that POCS can be used for interference rejection without the need for adaptive linear filters. In this paper, we show that POCS also can be effective as a spread-spectrum signal enhancer when placed at the output of the linear rejection filter. The remainder of the paper is organized as follows. Section II introduces the POCS method, and describes the convex sets used in the paper. Section III presents simulation results, and Section IV concludes the paper.
II. POCS APPLIED TO DS SIGNAL RECONSTRUCTION

A. Signal Models
The discrete-time output of the chip-matched filter can be mathematically modeled as , where is the interference signal and is the wide-band thermal noise. The spread-spectrum signal component is given by , where is the floor function, is the bipolar bit sequence ( ), and is the spreading code sequence. The spreading code sequence is assumed to be a bipolar maximal length sequence ( sequence) of period . The receiver is assumed to have a synchronous copy of the spreading code sequence, which results in the postrejection bit estimate , where sgn is the signum function, is the th bit estimate, and is the filtered received signal for the th bit interval.
B. Convex Sets for DS Spread-Spectrum Signals
The method of projection onto convex sets is an iterative algorithm for signal restoration in which the distorted signal is iteratively projected onto a few convex sets, the intersection of which contains the desired signal [3] . The spread-spectrum signal can be constrained to lie within the intersection of a few closed convex sets. Due to the notch filter, which results in the excision of a part of the spectrum of the signal, and due to the additive wide-band noise, the filtered received signal will not lie in the intersection of these sets. Thus, the filtered received signal is iteratively projected onto these closed convex sets. The lost part of the signal can be reconstructed, or at least the correlation properties of the signal can be restored. The closed convex sets can be defined from the a priori information about the signal. We use four convex sets to restore the spread-spectrum signal.
Let and denote the Fourier transform and inverse Fourier transform operations. Further, let all lower case letters represent time-domain functions, and upper case letters their corresponding Fourier transforms. We consider the space of all real discrete-time functions of one variable defined over a region that are square-summable over . The associated Hilbert space has inner product defined by and norm defined by . We define the following convex sets.
denotes the convex set of all functions that vanish outside a prescribed region . This is a condition of limited support. The projection onto is given by 
C. POCS Algorithm for DS/SS Signal Restoration
The implementation of POCS for DS/SS signal restoration is a sequence of operations, i.e., projections, applied to the observed signal at the rejection filter output. The data are processed in blocks, and the appropriate parameters for the projections , , and are determined according to the characteristics of the DS/SS signal in those blocks. We assume that the block size is the -sequence period and that there are chips per bit. The signals used in the DS/SS POCS algorithm are defined over . The observed signals belong to this class of signals, and are defined by for and . This zero padding facilitates the use of the FFT, which reduces the computational complexity of the algorithm. We assume that the rejection filter response is fixed over a block time interval, and we determine the locations and widths of the spectral nulls in the response. This is done to determine the regions in the received spectrum that require restoration. Let represent the spectral support of that is passed by the filter, and let represent the spectral support of that is rejected by the filter such that , the bandwidth of . Thus, the filter output is , which has spectral support over .
The parameters associated with the projections for the signals are ; , ; ; and , where , for , and . Using these conditions, the th iteration of the POCS algorithm may be written succinctly as , where . Before each projection, the energy of is normalized to the energy of by the operation .
Projection imposes the amplitude constraint that each one of the received chips should be equal. This reduces the effect of notch filtering, which distorts the amplitude of the signal. Projection imposes the time-limitedness constraint, which discards many of the signals that lie in sets , but not in . Projections and , in an attempt to preserve the time-domain properties of the signal, reconstruct the spectrum of over , but simultaneously distort the spectrum of over . and restore the spectral characteristics, and hence the correlation properties of the received signal, by matching the spectrum over and by limiting the magnitude of the spectrum. This reconstructs the lost portion of the spectrum. The iteration stops when the change in the estimate is sufficiently small.
Since all of the sets used in the projections are convex, this algorithm is guaranteed to converge to the intersection of these sets [3] , [5] . Although the number of iterations required to converge depends on the severity of the signal distortion, usually no more than three iterations are needed to achieve reasonable improvement in the estimate. This statement is supported in Section III, where the simulation results are presented. Also, the sets used are nonexpansive. So the proposed technique will not have the undesired side effect of amplifying the residual narrow-band interference or the white noise. The maximum computational complexity per projection per sample for the POCS method is , i.e., of order arithmetic operations [7] . Thus, the inclusion of the POCS algorithm after interference rejection filtering does not increase the overall computational complexity significantly. Also, since the algorithm operates only on one block of received samples of length at a time, the only latency introduced is due to the extra computational effort required. As we have showed that the extra computational effort is not significant, the algorithm will not introduce significant latency.
III. SIMULATION RESULTS
The following section provides simulation results by comparing BER with and without signal reconstruction as a function of the signal-to-noise ratio (SNR) for a fixed signalto-interference ratio (SIR) and a fixed bandwidth of the interference. We also show comparisons of BER as a function SIR (for a fixed SNR and bandwidth) and BER as a function of interference bandwidth (for a fixed SNR and SIR). A comparison of the BER with and without an interference rejection filter can be found in [1] . Binary phase shift keying is assumed as the modulation, i.e., the data bits are modulated by a preselected pseudonoise sequence ( sequences of length 31 are considered). The channel is assumed to be additive white Gaussian noise plus narrow-band interference, which is modeled as a set of tones occupying a specified fraction of the DS/SS signal spectrum. The notch filter is an FIR filter based on estimating and suppressing the narrow-band interference as in [1] . Two iterations of the POCS algorithm are used for all simulations.
The BER-versus-SNR results are shown in Fig. 1 . When the available portion of the spectrum is relatively clean, the reconstruction is good, and hence the performance of the system is good. The BER-versus-SIR results are shown in Fig. 2 . When the interference level is high, then the notch filter severely distorts the signal so that the reconstruction helps to improve the performance of the system. However, when the interference level is low (SIR is high), the notch filter does not severely distort the spread-spectrum signal; therefore, reconstruction provides little improvement in performance. The BER-versus-BW results are shown in Fig. 3 . When the bandwidth of the interference is low, the notch filter is very narrow, and hence it does not adversely affect the performance. Conversely, at high bandwidths, the filter notch is wide, so that the reconstruction from the available part of the spectrum is not as effective in enhancing the system performance. Thus, reconstruction provides significant gain when the bandwidth of the interference is neither too low nor too high (between 5% and 40%). 
IV. CONCLUSION
This paper presents a method for improving the performance of direct-sequence spread-spectrum (DS/SS) systems employing narrow-band interference rejection filtering. The performance gain is achieved by reconstructing the lost DS/SS signal spectrum due to the interference rejection filtering. The method is based on the theory of projections onto convex sets (POCS), which relies on forming convex sets derived from a priori knowledge of the DS/SS signal. The POCS algorithm has low computational complexity of the same order as the interference rejection filter. Simulation results are presented that show the improvement in BER when using the POCS algorithm after interference rejection. These results are consistent across SNR, SIR, and interference bandwidth variations.
